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(@) (5 %) Find a basis for the null space N(A).
(b) (5 %) Determine the dimension of N(A).
(¢) (5 %) Verify the rank-nullity theorem for this matrix A.
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Please apply the Gram—Schmidt process to construct an orthonormal basis for the

subspace spanned by v; and v,.

1. (10 %) Consider the matrix
_[ 3
a=[; 4
(a) (4 %) Determine whether the columns of A are linearly independent.

(b) (4 %) Find a basis for the column space C (A).
(¢) (2 %) State the rank of A.

2.(10 ) Let x=(1,-1,2)" and y = (2,0,1)7. T is a transpose operator.
(a) (2 %) Compute the dot product x - y.

(b) (2 %) Determine whether x and y are orthogonal.

(¢) (6 %) Find the projection of x onto y.

3. (15 %) Solve the following system of linear equations using Gaussian elimination:

x+y+z=2,
2x+3y+z=5,

3x+4y + 2z =8.
(a) (5 %47) Write the augmented matrix.

(b) (5 %) Perform row operations to reach row echelon form.

(¢) (5 %) Determine whether the system has a unique solution, infinitely many solutions, or

no solution.

6. (10 %-) Consider the overdetermined system Ax = b, where

11 1
1 2],b= 2|
1 3 2

(@) (2 %) Write down the normal equations.

A=

(b) (4 %) Find the least-squares solution of x.

(¢) (4 %) Briefly explain the geometric meaning of the least-squares solution.

7.(15 %) Let

_4 1
&= 2 3
(a) (5 %) Find the eigenvalues of A.
(b) (5 %) Find a corresponding eigenvector for each eigenvalue.

(¢) (5 #°) Determine whether A is diagonalizable. Justify your answer.

8. (10 %)

Let A be a real symmetric matrix.

(a) (5 %) State the Spectral Theorem.

(b) (5 %) Explain why eigenvectors corresponding to distinct eigenvalues of A are

orthogonal.



