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List of symbols:

E: electric field intensity (V/m)

H: magnetic field intensity (A/m)

D: electric flux density (Cm?)

B: magnetic flux density (T)

J: volumetric electric current density (A/m?)
p: electric charge density (C/m?)

Vector identities:

V(fg) = gVf + fVg
V-(fd)=Vf-d+fV-ad
VX (fd) =Vfxad+fuxd
V2i =V(V-d) -V x (Vxd)

Vector algebra.
(a) Show that

(@xb)-(xd)=(@G-8(b-d)-(a d)(b-8),

where a, E, C, d are arbitrary vectors. (10%)

(b) Show that
Fx @ xa)=-0(8-a)-¢(d-a)

where (1*, g, $) are the unit vectors in spherical coordinate system, and a is an

arbitrary vector. (10%)

2. Maxwell equations.

(a) Write the Maxwell equations and the associated continuity relations in differential
form for both the time domain and the frequency domain (phasor, in e®t
convention, w = 2rf being the angular frequency). (10%)

(b) Starting from Maxwell equations in the frequency domain, show that in a linear,
isotropic, and homogeneous medium with permittivity € and permeability u with
the constitutive relations D = ¢E and B = ,uﬁ, the electric field satisfies

V2E + k2E =V(§) +iop ],

where k? = w?ue is the wavenumber. (10%)
(c) Consider a source-free region with nonhomogeneous permittivity € (ie., € =
(7)) and homogeneous permeability y. Show that the electric field satisfies
VZE + k*E = -V (E -V Ine).
(10%)

3. Plane-wave solution and related topics.

(a) From the plane—wave solution in an unbounded, source-free, lossless homogeneous
medium, show that for divergence and curl, the differential operator V can be
replaced by —ik when acting on fields of the form

E= Eoe-iﬁ-r" g= ﬁoe—iw,
where k = kk is the wavevector and E"O, ﬁo are constant vectors. (10%)

(b) Show that EO, 170, and k are perpendicular to each other. (5%)

(c) Inalossy medium with € = ¢’ — ie" (¢',€'’ € R*), show that the wavenumber can
be written in the form k = B —ia (suppose that a, B € R*), where
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(10%)
(d) Show that
Yp
BT _wdy
v, dw

where v, is the group velocity and v, is the phase velocity. (5%)
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4. Geometrical-optics approximation of Maxwell equations.

(a) In a source-free linear, isotropic, homogeneous medium with permittivity € and
permeability p, suppose that the solution for Maxwell equations can be written in
the form of

E= E‘O(ﬁe—ikolf’(ﬂ" H= ﬁo(ﬂe—ikolﬁfﬂ"
where k, = w,/uy€y is the free-space wavenumber. Show that, in the limit of
ko — oo, we get
Vt/) X EO = cuﬁo,
Vll) X ﬁo = —ceﬁo,

ﬁll)'.Eg =.0,
le'ﬁo = 0,

where ¢ = J';:;_eo is the speed of light in vacuum. (10%)
(b) Show that

V-V = n?,
where n = ./ue/(Up€y) is the refractive index of the medium. (10%)
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